
Permutation routing in a hypercube

Model:

N processors, connected in a directed graph

edges are communication links

communication: synchronouse steps

in each step, each link carries at most one packet

in each step, each processor can send at most one packet to
each neighbor

Problem:

each processor i has a packet νi to send to di

d1, . . . , dN a permutation of 1, . . . ,N

Question: how many steps are necessary for an arbitrary
request?



Oblivious routing

Communication expensive, so each packet should know how to get
to its destination without knowing about other packets.
Oblivious routing: route followed by νi depends only on di , not on
dj for j 6= i .



Boolean n-hypercube

Nodes: binary sequences of length n: (b1, b2, . . . , bn), bi ∈ {0, 1}
Edges: between nodes that differ in one coordinate (directed, both
orientations)
N = 2n.



Deterministic vs. randomized

For any deterministic oblivious permutation routing algorithm on a
network of N nodes each of out-degree d , there is an instance of
permutation routing that requires Ω(

√
N/d) steps.

On a d-hypercube (n = d) with randomization we can get O(d).



Randomized oblivious algorithm

1 For each i , randomly pick an intermediate destination σi ,
packet νi travels to σi

2 Packet νi travels from σi to di



Bit-fixing

In each phase, νi determines its path to its destination by
bit-fixing: compare the current location to the destination, find the
leftmost pair of bits that differ, cross the corresponding edge
Example: packet currently at (0, 1, 1, 0, 1, 0, 1, 0), destination
(0, 1, 1, 0, 0, 1, 1, 1). Next location is (0, 1, 1, 0, 0, 0, 1, 0).
Queue discipline: at each node, FIFO.



Bit-fixing exercise

Once two routes separate, they never rejoin.



How many steps for νi in phase 1?

The route packet takes: ρi = (e1, e2, . . . , ek).
Let S be the set of packets whose routes pass through at least one
of {e1, e2, . . . , ek}. Then the delay of νi is at most |S |.



Delay and lag

If νi is ready to cross ej at time t, its lag at time t is t − j .
The lag of νi is 0 at the begining.
The delay incurred by νi is its lag when it crosses ek



Lag charging scheme

How does the lag of νi increase?
Only if νi waits for νj to leave.
Either νj just joined this route, or it is being delayed by someone
else.
Each increase in the lag of νi corresponds to some packet joining
ρi . Each packet can only join ρi once.
Delay of νi ≤ |S |.



Expected delay

Let Hij = 1 indicate whether ρi and ρj share at least an edge.
Delay incurred by νi is ≤

∑
j Hij .

What is E[
∑N

j=1 Hij ] ?



Expected delay (2)

T (e) = number of routes through e.∑N
j=1 Hij ≤

∑k
j=1 T (ej).



Expected congestion: symmetry

For any two edges ei and ej ,
E[T (ei )] = E[T (ej)].



Expected congestion: value

Expected length of each route ρj is n/2.
Expected total route length is Nn/2.
Total route length = total number of edges used.
Thus

∑
e E[T (e)] = Nn

2 , and
E[T (e)] = 1

2 .



Expected delay: value

Since
∑

j Hij ≤
∑k

j=1 T (ej),

E[
∑

j Hij ] ≤ k
2 ≤ n

2 .



Hi1,Hi2, . . . ,Hin are independent:
for any (b1, . . . , bn),

Pr[bj = Hij for all j 6= i ] = Pr[b1 = Hi1]·Pr[b2 = Hi2] · · ·Pr[bn = Hin]

The sum of independent random variables is concentrated around
its expectation.



Chernoff bound

n independent 0-1 trials: Pr[Xi = 1] = 1 − Pr[Xi = 0] = p.
E[X ] = E[

∑
Xij

] = np = µ, 0 < δ < 1.

Pr[X > (1 + δ)µ] ≤ e−δ2µ/3.

Much stronger than Chebyshev because it uses independence.



Applying the Chernoff bound

Expected delay of any packet is at most n
2 .

With probability at most 2−6n, the delay of any packet is more
than 6n.
N packets total, so with probability at least 1 − 2−5n none have
delay more than 6n.

Theorem

With probability at least 1 − 2−5n, every packet reaches its
intermediate destination in phase 1 in at most 7n steps.



Phase 1 fails with probability at most 2−5n.
Phase 2 fails with probability at most 2−5n.
Phase 1 or phase 2 fails with probability at most 2−4n < 1

N .
With probability at least 1 − 1/N, all packets reach their
destination in at most 14n steps.


